We propose a device that consists of a trapped two-component phase-separated Bose-Einstein condensate to measure small forces and map weak potential energy landscapes. The resolution as well as the measurement precision of this device can be set dynamically, allowing measurements at multiple scales.
The mesoscopic quantum coherent matter systems, such as dilute gas Bose-Einstein condensates (BEC's) and fermion superfluids, created in cold atom traps are unusually sensitive and clean many-body systems that can be isolated nearly completely from the influence of environment, and possess unusual control knobs such as the ability to vary the inter-particle interaction at will [1] . This has lead to several suggestions for BEC-probes that would measure, for example, Casimir forces [2] , magnetic fields [3] , or the earth's rotation [4] . In this letter, we discuss the prospect of creating a mesoscopic sized BEC-object (a BEC "bubble") that is free or nearly free -the effective potential energy experienced by the bubble's center-of-mass position is nearly constant in space. Therefore, the bubble's center-of-mass position becomes an ultra-sensitive measure of any weak external force on the bubble. At the same time, if the boundary region of the bubble is 'sharp' then its edge maps out potential energy contours with exquisite accuracy. The freely floating bubble also provides an intriguing template for probing mesoscopic quantum behavior. By crafting shallow external potentials superimposed upon the flat effective 'bubble ' potential, experimentalists could demonstrate manybody quantum interference, observe quantum Brownian motion and study many-body quantum tunneling.
The actual bubble we propose to use is a trapped phase-separated BEC of 'B' atoms floating within a simultaneously trapped, larger BEC of 'A' atoms [5, 6] as shown in the schematic of Fig. 1 . The extent of the phase separated BEC-B bubble is confined by the BEC-A sea in which it floats. By carefully choosing the trapping potentials and interaction strengths, the trapping, buoyancy, and surface tension forces on the bubble can cancel, resulting in a freely floating mesoscopic BEC object near the middle of the trap. An additional increase of the inter-species interaction strength decreases the size of the interface boundary region between the BEC's, sharpening the 'edge' of the bubble. Now the bubble's position is extraordinarily sensitive to the magnitude of a small perturbing external force. Thus, the position of the bubble becomes a measure of the magnitude of this force. Moreover, experimental methods based on imaging the shadow of the bubble as depicted in Fig. 1 , can accurately measure the bubble displacement. Such techniques have proved to be yield exquisitely precise position measurements elsewhere [7] .
Conceptually, the proposed weak force detector resembles a "level" -a device that determines the horizontal direction by detecting the cancellation of the gravitational force component in the direction in which a bubble in a fluid-filled tube can move. At the point of cancellation, the bubble remains stationary in the middle of the tube. If the effective potential of the phase separated BEC bubble is exactly flat, then the actual ground state of the system is a superposition of states in which the bubble is located in different positions. If the bubble behaves as a macroscopic object, then once its position is measured, it remains localized, 'pinned' by interactions with the environment -an essential ingredient of the breaking of translational symmetry. If the environment interactions are sufficiently weak and in the presence of a shallow double well potential, the bubble can behave as a quantum object, tunneling between the wells (the bubble's surface tension may prevent single particle tunneling) or interfering with itself if it can follow different paths to reach the same final position. Such experiments that reveal the quantum properties of the 'bubble' can be carried out on a 'chip' [8] (near a surface). The main source of decoherence would be the excitation of phonon modes in the surrounding BEC-sea.
For the discussion in this letter, we won't require the extreme level of control necessary for the observation of mesoscopic quantum behavior. Instead, we assume that external interactions are present (though small) and that the BEC 'bubble' acts as a classical object. Even in that case, the bubbles can probe genuine quantum effects, for example, the position of two bubbles each trapped in one well of a double well potential would be modified from their equilibrium position if they experience a mutual attraction, induced by Casimir-like force arising from quantum fluctuations of the surrounding BEC [9] .
We illustrate the cancellation of bubble forces in the case of a 'small bubble of vanishing surface tension' -the simplest limit. In that case, the size of the bubble is sufficiently large to neglect the surface energy, but remains small compared to the length scale on which the trapping potentials V A (r) and V B (r) experienced by the 'A' and 'B' atoms respectively, vary. Hence, we can replace V B (r) ≈ V B (R) where R denotes the bubble's center-ofmass position. We also assume that the BEC gas is dilute and that we can describe the inter-particle interactions by the customary contact potentials: v A(B) (r − r ′ ) = λ A(B) δ(r − r ′ ) for the mutual interactions of like bosons 'A' (or 'B') and v AB (r−x) = λδ(r−x) for the mutual interactions of unlike bosons. In a three-dimensional BEC gas, the contact interactions lead to local pressures within the single condensate regions of average density ρ A(B) (r) equal to [λ A(B) /2]ρ 2 A(B) (r). If we neglect the surface tension of the bubble, then the condition of equilibrium requires the inside and outside bubble pressures to cancel, i.e.
, where ρ A denotes the density of an all 'A' BEC of the same chemical potential as the actual 'A' BEC which surrounds the Bbubble. Hence, the inside 'bubble' density is equal to ρ B (R) = λ A /λ B ρ A (R). We write the ground state energy of the trapped BEC 'A' which has the 'B' bubble of N B particles immersed as the energy E A of the all 'A' BEC that has the same chemical potential as the one with the bubble, and an integral over the 'B' bubble volume Ω B centered on R. Consistent with the assumption of slowly varying trapping potentials and the neglect of the bubble surface energy, we approximate the energy densities as V A(B) (r)ρ A(B) (r)+ [λ A(B) /2]ρ 2 A(B) (r) and we
consistent with an effective potential energy per Bparticle equal to V eff,B (R) = V B (R) − λ B /λ A V A (R). Now, if the trapping potentials for A and B particles are simply proportional, V A (r) = αV B (r), and we carefully tune the proportionality constant α to α → λ A /λ B then the effective potential as seen by the bubble vanishes and it floats freely inside the BEC-A.
This value, α = λ A /λ B is also the proportionality constant at which the bubble's position becomes highly sensitive to any small additional external force. We illustrate this for the case of a harmonic trapping potentials,
, to which a differential external force F = γẑ (i.e. difference of force experienced by the A-and B-atoms) adds an approximately linear term to the B-potential V B (r) = V B,trap (r) − γz, so that
centered around a position that is displaced along the z-axis from the former trap middle by a distance ∆ = γ[K z 1 − α λ B /λ A ] −1 . Hence, in equilibrium, the measurement ∆ provides a direct measurement of the magnitude of the force, |F| = γ. The accuracy with which the bubble's position can be measured depends on the sharpness of its edge. In the edge region if we assume the respective BEC densities to vary as ρ B (ǫ) = ρ B (R)(δ − ǫ)/δ and ρ A (ǫ) = ρ A (R)ǫ/δ, where 0 ≤ ǫ ≤ δ is normal to the interface area A, then the resulting kinetic energy contribution can be approximated by E kin,δ = 4AP [l
is the coherence length of BEC-A(B). We also find the surface interaction energy to be approximately equal to E int,δ = AP (λ − √ λ A λ B )δ/3. Thus the equilibrium 'edge' width obtained by minimizing this additional surface energy E edge = E kin,δ +E int,δ is given by δ = 12(l 2 A + l 2 B )/(λ/ √ λ A λ B − 1) [5] . Therefore the 'edge' sharpness can be increased by increasing the interaction strength between unlike bosons by means of an interspecies scattering resonance [10] . This increases the importance of the surface energy, requiring either a description that includes surface tension explicitly, or a numerical solution of the coupled GrossPitaevskii (GP) like equations. Given the lack of space, we choose the latter option and solve the numerical equations by evolving the GP-dynamics in imaginary time. Motivated by recent experiments with elongated BEC's [12] created by focusing a singe laser beam, we consider a quasi-1D configuration with ω z and ω ⊥ , the trapping frequency in the axial and transverse direction respectively, and ξ = ω z /ω ⊥ << 1 for both species of bosons.
The wavefunctions, φ A and φ B of the two interacting condensates evolve according to the coupled GrossPitaevskii (GP) equations
where the mass of 'A' and 'B' atoms is assumed to be same,
, all the physical quantities are scaled in axial harmonic oscillator units, and the condensate wavefunctions φ A(B) are normalized to unity. We work in the phase separated regime by using λ/ √ λ A λ B = 1.1. The density profile obtained numerically is plotted in Fig. 2 . In the same figure we also plot the value of the half axial length, L, obtained by neglecting surface tension and taking the Thomas-Fermi approximation. For treating the quasi-1D situation considered here, we use a modified local density ansatz given by µ A(B) (z) = µ A(B) − V A(B) (z) and µ A(B) (z) = α/ξ 2 1 + 4a A(B) ρ A(B) (z) where a A(B) is the two-body s-wave scattering length for atoms 'A'('B') [11] which determines the interaction strength by the relation λ A(B) = 4πh 2 a A(B) /m. location of the bubble edge.
We demonstrate the working of the BEC "level" by considering an external force in the axial direction F = γẑ. As argued before, we tune the inter-atomic interactions such that α λ B /λ A → 1 − and λ > √ λ A λ B . The corresponding ground state density profile obtained numerically is shown in Fig. 3 . Here we see that the BEC-B bubble is displaced from the center of the trap by a distance ∆ ≈ γ/(1 − α λ B /λ A ). The boson-boson interaction strength as well as the trapping frequencies can be precisely tuned in current cold-atom experimental setups resulting in a large displacement of the bubble and thus allowing for the precise measurement of |F| = γ.
While the above discussion was related to determining the force (gradient of the external potential), the proposed BEC "level" can also be used for mapping accurate potential energy contours. In fact such a measurement can be achieved using a single BEC as demonstrated in [12] . This experiment related the observed BEC-density profile to the variation of the external potential. The experimental accuracy of the potential was a few Hz with a spatial resolution of few microns. One limitation of the potential measurement is set by the magnitude of the chemical potential. One cannot arbitrarily decrease the chemical potential or the density of the BEC will drop below what is necessary for imaging the atoms or, if the inter-particle interaction is lowered, the coherence length of the BEC will increase to limit the spatial resolution. In contrast, the phase separated BEC configuration discussed in the present letter not only ensures large density inside the bubble allowing good imaging, but an edge width that can be reduced below typical BEC-coherence lengths allowing increased spatial reso- lution. We demonstrate this principle by considering an axially varying potential V trap (z) as shown in the topmost subplot of Fig. 4 . In the same figure, the remaining subplots, show the density profile of the BEC-B as a function of the total number of 'A' atoms, N A . Here we see that as N A is increased, the equilibrium size of the BEC-B bubble decreases. This continues till a point is reached when the BEC-B bubble is small enough and is localized in the valleys of the potential landscape. Moreover, as mentioned earlier, the edge sharpness can be improved by modifying the inter-species interaction strength λ. Thus we see that the proposed BEC "level" device can map potential energy contours arising from, for example, surface magnetic fields with exquisite precision.
In conclusion, we proposed a device for measuring small forces (gradient of potential) by using a phase separated two component BEC configuration. The working of this device is analogous to that of a level, so that we named it a "BEC-level". This device can also map out potential energy contours with exquisite accuracy. This device could, for instance, map potential energy variations experienced by atoms near the surface of a metal caused by fluctuations of the surface fields. The BEClevel provides several knobs that can be tuned, allowing for measurements to be carried out at multiple levels of accuracy.
While we have only exploited the bubble as a classical object, its possible range of explorations includes mesoscopic quantum behaviour such as many-body tunneling, quantum interference, and quantum Brownian motion. Along with the device proposed in this letter, the BEC-level can be used as a template for probing quantum many-body behaviour.
S.B acknowledges financial support from the W. M. Keck Program in Quantum Materials at Rice University. E.T. acknowledges support from the laboratory directed research and development (LDRD) program.
